The gauge group in the real triad formulation of general relativity 
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I. INTRODUCTION 

General covariance is the fundamental symmetry of 
the classical Lagrangian formulation of general relativ- 
ity. One might be tempted to think that it is destroyed 
in the Hamiltonian version of the theory in which, osten- 
sibly, time is distinguished from space. In recent works 
we have established a general framework for analyzing 
and describing the preservation of local (gauge) symme- 
tries under the Legendre map from configuration- velocity 
space (the tangent bundle) to phase space (the cotangent 
bundle) |ffl] . The program was applied to general relativ- 
ity using conventional metric variables and to Einstein- 
Yang-Mills theory [0. In the former case it was shown 
that the four-dimensional diffeomorphism group is not 
preserved under this map. Rather, infinitesimal elements 
of the gauge group contain a compulsory dependence on 
the lapse and shift functions. In the Einstein- Yang-Mills 
case gauge transformations also involve internal gauge 
transformations. Nevertheless there is a sense in which 
all diffeomorphisms act as transformations on the full 
phase space of the theory, since any such transformation 
may be realized with some metric plus Yang-Mills field. 

In this paper we apply the program to a tetrad version 
of Einstein's general theory of relativity. Spinorial and 
tetrad formulations of general relativity were introduced 
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initially with the intention of coupling fermionic matter 
fields to gravity in an eventual quantum theory of gravity. 
The emerging Dirac-Bcrgmann constraint algorithm was 
applied to Lagrangian or Hamiltonian models by Heller 
and Bergmann @, DeWitt and DeWitt g), Dirac @, and 
Schwinger In these early investigations an effort was 
not made to retain the local Lorentz freedom to rotate 
and boost the tetrad axes. Schwinger chose one of the 
vectors of the tetrad to point perpendicular to the equal- 
time hypersurfaces. The coordinate time was also taken 
over in the Hamiltonian model as the evolutionary time. 
Consequently, all that remained were local triad rota- 
tions tangential to the equal-time hypersurfaces. This 
will actually be our point of departure below. Later, sev- 
eral authors have been concerned with retaining the full 
local Lorentz group |7|-|T3|]. Generally, retention of the 
local Lorentz group is achieved by adding auxiliary pure 
gauge boost variables. We will not pursue this direction 
here, although our analysis can easily be generalized to 
include the full local Lorentz symmetry. Clayton ana- 
lyzed the symmetry of triad models only under spatial 
diffeomorphisms |L4|. 

Interest in time-foliation-conforming triads has surged 
recently. This interest stems from Ashtekar's approach to 
general relativity |l5|-[l7]. The relation of Ashtekar vari- 
ables to triads was elucidated by Goldberg |Lq] , Friedman 
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and Jack (19|, and Henneaux, Nelson, and Schomblond 

Our novel contribution in this paper to this extensive 
literature has to do with the gauge group stemming from 
the full four-dimensional diffeomorphism group with lo- 
cal triad rotations appended where necessary. We show 
that this group is retained under the Legendre map to 
phase space. This group acts as a transformation group 
on all of the dynamical variables of the theory (including 
pure gauge variables). In particular, time evolution is 
recognizable as a symmetry transformation on members 
of equivalence classes (under the full four-dimensional dif- 
feomorphism group) of solutions of the dynamical equa- 
tions. The implications for an eventual quantum theory 
of gravity and its associated problem of time, we feel, 
are profound: Any reasonable quantization procedure, 
whether it take as fundamental gravitational variables 
the metric, tetrad, or triad fields, must respect and pre- 
sumably exploit this symmetry. 

Our plan is as follows. Our focus is local; the analy- 
sis is strictly applicable to spatially compact spacetimes. 
We work within a 3+1 spacetime foliation; the funda- 
mental fields in this model include triads, lapse functions, 
and shift vectors. Our dynamical treatment also includes 
some of the time-like terms of the Ricci rotation coeffi- 
cients as independent fields in a Palatini-like variational 
approach. We show that the full diffeomorphism-induced 
gauge group is present, and we display explicitly the cor- 
responding generators on the full phase space (which in- 
cludes gauge variables). 

After completing the Lagrangian and Hamiltonian de- 
scriptions in Section ||, we revi ew the general projectabil- 
ity requirements in Section |IIl| , deducing that coordinate 
transformations for which <hr ^ are not by themselves 
projectable. A gauge rotation constructed with the aid of 
the four-dimensional Ricci rotation coefficients must be 
appended to them. Next, in Section IV we determine the 
variations engendered by the secondary constraints. We 
demonstrate that it is possible to determine the structure 
coefficients of the gauge group algebra from knowledge of 
the action of the gauge group on configuration-velocity 
variables alone, without reference to Poisson brackets. 
Finally in Section [y] we display the full set of gauge- 
symmetry generators. In Section VI we summarize and 



discuss implications of the work and future extensions, 
such as to the Ashtekar formulation itself |20|. 



II. THE TETRAD ACTION 



from the beginning of the alphabet will represent spatial 
coordinates, while lower case latin indices from the mid- 
dle of the alphabet will denote orthonormal triad labels 
(and therefore may be raised or lowered using Sij). 

The Ricci rotation coefficients provide a Lorentz- 
group connection which leaves the tetrad covariantly con- 
stant and are given by 



nl J = E^ej^ - Tt.E^e 



- 7/i J 



J 

' 



(2.1) 



where the F^ are the Christoffel symbols. The associ- 
ated curvature is 



4 RH = 29 t/ ,fif/ 



90 /M O j 



A convenient action expressed in terms of these variables 
is one half the Hilbert action, 



(2.2) 



We make a 3 + 1 decomposition of the tetrad in terms of 
triad Tf, lapse N, and shift iV° as follows: 



E»i 



with inverse 



where i\T° 



N- x 
-N~ 1 N a T a ' ' 



N 
t\N a t\ J ' 



°b ) 



a j V 

In a succeeding paper, we will be applying our tech- 
nique to the Ashtekar formalism in full p0[ , and so at 
this point we adopt notation with that end in mind. We 
introduce as some of our fundamental dynamical config- 
uration variables the components of a contravariant triad 
field with density one under spatial diffeomorphisms: 



a? 



where t is the determinant of t l a . We also will represent 
densities of arbitrary positive or negative weight with ap- 
propriate numbers of over- or under-tildes, respectively. 
We also note that 



0; 



T bl K, 



bo 



K l 



where K a b is the extrinsic curvature. 

The Lagrangian density expressed in terms of these 
new variables, after subtracting a total spatial diver- 
gence, is (where ' is partial with respect to time) 



We take as our fundamental dynamical variables the 
tetrad one form fields with inverse Ej, yielding the 
metric = e l je.j v . The greek coordinate indices range 
from to 3, as do the upper case latin orthonormal ba- 
sis labels. The Minkowski index labels are raised and 
lowered with the Minkowski metric r\ = rjjj , which we 
take to have signature — h + +. Lower case latin indices 



C = -KIT? + e ijk TtK J a Q% - 2N a f b i D [a K, 



b] 



+ _y T a T b { 3 R il b + _ K i K J a) (2 3) 

We translate from one triad label index to two index an- 
tisymmetric objects by taking the dual using the three- 
dimensional Levi-Civita symbol e 1 ^; for example, 
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ql _ _Jjkrxjk 

"0^2 ' 

In the relation above D a denotes the covariant derivative 
formed with the three-dimensional rotation coefficients 
and Christoffcl symbols, so we have, for example, 

D a Tl = d a T b + 3 T b m T? + JiT) = , 

where the 3-dimcnsional rotation coefficients 

"a — 9ac-L J ,b + 1 lcla 1 k,b 



+ + tc tUt}aT i]h 



are constructed from the triad fields. 

We will undertake a Palatini-type variation in which 
we vary Tf, K l a , N a , O , and N independently. This 

choice of variables is justified because the variables K l a 
and Oq can be considered as independent auxiliary vari- 
ables for the Lagrangian (2.3): That is, their equations 



of motion allow their determination in terms of the other 
variables. 

It may seem strange initially that we have identified 
f2g J as an indep end ent variable. Examination of its triad 
dependence in (pTj) reveals the rationale: 



ii — e si — l i a g a/Ji L bQ i l 

— Ta[ilj] -pM rpb[irpj]a 

= f a[i iJ - N%t [ *T j]b + N c t k T a[l T 3]b t k aj 
+N c tl b T l]b . 



(2.4) 



The first term on the right hand side of (2.4) can be 
varied arbitrarily by adding SO (3) rotations to the time 
derivative of the triad, so Qq in fact can be taken to be 
an independent gauge variable. We shall see below, in 
( |2.9|) , that £l J is precisely this arbitrary rotation. The 3- 
dimensional curvature 3 R a 5 b is constructed from the three- 
dimensional rotation coefficients uj 1 J . 

Variation of the action yields the primary constraints 
in phase space 



leading to the canonical Hamiltonian density 



H c = -e ijk T?Kin% + 2N a f\D [a K i b 



NTIT^R^ + KlKl-KlKi) . 



Preservation in time of the remaining primary con- 
straints leads to the secondary constraints 



Hi = -t^ k K 3 a f a k = , 



(2.6) 
(2.7) 



Ho = ™T?f *( 3 Ji« + K\K{ - K\Ki) = . (2.8) 



H a = -2Tp [6 i^ = , 

1 

2 



There are no more constraints. Note that ( |2.6[ ) is jus t 
the condition that K ab is symmetric. Furthermore, (2.7) 
can be rewritten in the familiar form 



D a K b b - D b K b = 



We now turn to the canonical equations of motion. The 
variation with respect to K l a of J d 3 xH c is straightfor- 
ward, leading to: 



rpa 



SKI 



d 3 x' H' 



. e ijkfa Q k + 2D b N [b ff 



+NT^f b K 3 b - NT b f]K J b 



(2.9) 



= PI + IC a = jt? = P = P a = P t 



(2.5) 



The variation with respect to T™ requires more work. 

We note that the variation of must be a tensor, so we 
can replace ordinary derivatives by covariant derivatives. 
Also, using the fact that the covariant derivative of the 
triad is zero, we find that 

8u$ = g ac f b ^D b 6T^ c + f b ^tJt k D b 8T c k 
+ t [ b l D a 5fA b + t k t^ b D b ST c k . 



where P*, wf, P, P a , and Pi are the momenta conjugate 
to T f, Kl, N, N a , and %, respectively. 



The first two constraints in ( |2.5| ) are second class in 
the sense of Dirac pl[ , p3| ; the variables P % a and frf are 

eliminated in phase space, so that the Dirac bracket be- 
comes 



Then an integration by parts in the varied Hamiltonian 
yields 

Kl = -e ijk KiQ^ + N b D b K a + D a N b K l b 
-NT){*R% + KiKi-KiKl) 

+f b D a D b N . 



{TlK' b j } = -6 3 (x-x')6?Si , 
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III. PROJECTABILITY OF GAUGE 
TRANSFORMATIONS 

We first consider triad gauge rotations. Under an in- 
finitesimal rotation with descriptor A 1 the resulting vari- 
ation of the triad field is 



The equation of motion (2.9) is equivalent to 



6 R [\]T"? = -e ijk X j fl 

while the variation of K l a is 

S R [X]Ki = .'^.V/C 



(3.1) 



(3.2) 



The Ricci rotation coefficients transform as a connection 
in the usual manner under this rotation: 



6 R [\}% = -d A* 



(3.3) 



The Lagrangian density does not depend on time 
derivatives of N, N a , or £1 . Thus, null vectors of the 
Legendre matrix (the second partial derivative of the La- 
grangian density with respect to the velocities) are d/dN, 
d/dN a , and d/dil l ; in other words, projectable symme- 
try variations under the Legendre transformation may 
not depend on N, N a , or f2 , as discussed in Q. As 
in the conventional formulation of general relativity, the 
variations of lapse and shift are not projectable unless 
the descriptors e M of an infinitesimal coordinate transfor- 
mation — > x^ — depend on the lapse and shift in 
the following manner: 



(3.4) 



where n M = (N , — N^ 1 N a ) is the normal to the con- 
stant coordinate time hypersurface, the being arbi- 
trary functions. 

We must now check whether variations of Q,q are 
projectable under these diffeomorphisms. We represent 
the variations resulting from infinitesimal perpendicular 
diffeomorphisms, with descriptors e M = n M £°, by Spn, 
where PD denotes perpendicular diffeomorphism. (Since 
variations under diffeomorphisms for which Sx° = are 
projectable — they are the usual Lie derivatives of spatial 
vectors under spatial diffeomorphisms — we will not con- 
sider them here.) The objective of this calculation is the 
evaluation of the variation of f2 Q J on-shell, that is, using 
the equations of motion. In this sense, Qq should not 
here be considered as an independent variable. 

Let us first calculate the variations of the tetrad vec- 
tors. Wc find 



8pd[?]E% 
Sp D [f]ES 



N~ 2 i° + N~' z N a £ v a 



o e 







N- z N a C - N~ N a N £, b 
■o 



+N a b N- 1 T^° . 



T? = -nj/T? - D b N a T b - NT%T?K° b . 

The final expression for the last variation may conse- 
quently be rewritten as 

Since we shall require the result below, we also include 
here the corresponding variation of the densitized triad: 



b ■ 

(3.5) 



Similarly, we find that 

SpD[e}e° =i°-NXa , 
SpD[?]e° a = 0, 

spoieK = -N a n% n »eti + N a eK 
<wev a = s PD [e}t i a = -ewjnHi + eK . (3.9) 

We shall also require the variation of the densitized 



(3.6) 
(3.7) 

(3.8) 



lapse N. Referring to (3i)) to compute <5pi)[£; ]i, we find 
Using 

a 1 +AJ r ra-[^i 3^fc _ +— lj 



t = W a N a + tNT^Kl , "T b ba = t~H a , 



we find 



SpDie}N = z° + {; N a a -N a z a 



(3.10) 



Substituting the variations of the tetrad vectors into 
H), we find 

SpD[f]ti$ = 2NN a K [ *TJ ]b {N~ 1 f), b 

+2NN, a T a[i T j]b (N- 1 £°), b 
+(O«n / ^°), + n^N~ 1 N a f 
-Q^AT 1 ^ . (3.11) 

It is noteworthy that the first two terms in this expres- 
sion appear due to the fact that our tetrad vectors are 
not true four-vectors (since they are tied to the time foli- 
ation). Otherwise this variation agrees with the standard 
result in Einstein- Yang-Mills theory with an SO (3) con- 
nection jjj. To proceed further we must substitute the 
time derivative 
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n« = D a Siy + 2K^ b N b 

+ANT b ^D [a K 3 b ] + 3 RZN b 

We find ultimately that 



(3.12) 



+(O>^°) )0 + 2fn"Q^ . (3.13) 



We have displayed this result in a form, ( |3.1£ ) , in which 
it is manifest that the variation is not projectable: The 
next to the last term contains time derivatives of all three 
gauge variables; but the resolution is manifest as well. 



Referring to (3.3) we see that the last two terms are pre- 
cisely a gauge rotation of the SO (3) connection compo- 
nents Qq with a descriptor A* = — Sl^n^ . To obtain a 
projectable variation we must accompany the perpendic- 
ular diffcomorphism with an SO (3) gauge rotation with 
minus this descriptor. 

This is exactly the form of the gauge transformation 
which must be added to diffeomorphisms in the Einstein- 
Yang-Mills case to produce a projectable variation un- 
der the Legendre transformation, as shown in 0. The 
demonstration that this is the required addition here was 
complicated somewhat by the fact that the connection is 
not a one-form under diffeomorphisms which alter the 
time foliation. As mentioned above this is due to the 
fact that the tetrad vectors in our 3+1 decomposition 
are not four- vectors. 

We close this section with the variation of f2g under 
spatial diffeomorphisms, with descriptor e M = S£t; a . We 
will represent the variation by <5sd[£] where SD denotes 
spatial diffeomorphism. This variation is indeed the Lie 
derivative since the tetrads do transform as manifest four- 
vectors under infinitesmal transformations which do not 
alter the spacetime foliation: 



(3.14) 



We wish to obtain the on-shell variation which we will 
later on compare with variations generated by symmetry 
generators which we construct below. For this purpose 
it is convenient to rewrite (3.14) as 



6 SD mi = {D a % - & a )e + (Qieh - <>:/c^ 

= -e i: > k i a {KlT bk N yb + 2NT b W [a K k ] ) 

- 3 Bl a N b e + (£X),o + e ijk e^o ■ (3.15) 
where in the second equality we used the time derivative 



IV. GENERATORS, VARIATIONS, AND LIE 
ALGEBRA 

Our next task is to construct the generators of gauge 
transformations in order to verify that the phase space 



calculations reproduce the above configuration-velocity 
space results. For this purpose we first introduce gener- 
ators associated with our secondary constraints: 



R[£] := / tfxfrU , 
V$ := J <PxZ a H a , 



We find that R[£] generates an SO (3) gauge rotation, so 
we have, for example, 

S R [S]T? = {f?,-e jkl J d*x'^K' b k T b } 

= >.A- r n ■ 

V[£] generates a spatial diffeomorphism plus SO (3) 
gauge rotation: 

6 v [g\Tt = {T?,-2 J d s x'£' b T' i c D{ c Kq} 
= 2D b (^ b ff) 
= Cfi? + 5 R [Z b oj b ]f? . 

It is convenient to define a related generator D[£] which 
generates a pure spatial diffeomorphism: 

3^ c a t 



where 



£>[£] := / d'xCQa 



Get '■= 7~ia — 



S[t; a ] generates a space-time diffeomorphism, with de- 
scriptor £° = t£°, plus a gauge rotation (neither of which 
by itself is projectable). So, for example, 

HZ ]?? = 5 PD [tt°]T? + 6 R [teW]T? 



- -t°f b f a 3 K 3 b + ^°f^f b K J 



b ' 



where in the last line we used (pT5|). 

We now turn to the calculation of the complete Lie 
algebra in configuration-velocity space. It would be 
straightforward to calculate the algebra from the calcu- 
lable action of the infinitesimal group elements on the 
generators. The only Poisson bracket we will not cal- 
culate in this manner is the bracket of S[£°] with .S^ ], 
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simply because it would be tedious, invoking time deriva- 
tives of the triad vectors, the curvature, and the extrinsic 
curvature. 

First, a gauge rotation of Hi yields 

{R[t],R[T,]} = -R[[£,ri\] , 
where we define the commutator bracket as 

In the following expressions, we will also use the Lie 
bracket 

The remaining brackets are 

{R{t],D{rf\}= [ C^xCCfffU 

(fx CrfCHi 

-R[C n <] , 

{D[t],D[Tf[}= I d 3 X^Crfda 



{S[f\,D[rj\} = J d^^CfjHo 
= S[Cr;Q , 

{S[f},R[v}} = , 

{V[&R[v]} = 0. 

The last two brackets result from the fact that Ho and 

H a are gauge rotation scalars. Finally, direct calculation 
yields 

{S[e},S[ V °}} = VK}-R[[iaT a , V , b T b }} , 



where 



C ■= (CdbV ~ vdbO e ab 



{V$,V[rj\} = {£>$ + R[C"a}, D[ff\ + R[r, b u b }} 
= V[[lfj\]-R[ s R ab l; a V h } ■ 

The remaining bracket is 
{S[l°],V[ff\} = {S[l ],D[ff\+R[^u !a }} 



where 



(<W^°] + 5 R [n fi n^°]W a 



(KiT bk D b (Z°) + 2T b j £ D [a K b ))e ijk 



V. COMPLETE SYMMETRY GENERATORS 

The canonical Hamiltonian in terms of the generators 
takes the simple form 

H = J d 3 xN A H A =■ N A H A , 

where we define 

N A := {N, N a , -fl*} , Ha = {Ho, H a ,H t } , 

and where spatial integrations over corresponding re- 
peated primed indices are assumed. It was shown in ffl 
that the complete symmetry generators then take the 
form 



G(t)=eGf+i A G { l ) 



(5.1) 



From these brackets we next determine the brackets 
among the R, V, and S generators alone. We find 



The descriptors £ are arbitrary functions. The simplest 
choice for the G^ are the primary constraints Pa, 

Pa ~ {P,P a ,~P t } , 

with the result that 

G[€] = PaZ A + (H A + P C "N B 'c^ B ,)i A , 

where the structure functions are: 

{Ha, Hb 1 } =■ C^ B ,Hc ■ (5.2) 

Using the brackets calculated in the previous section 
we read off the following non-vanishing structure func- 
tions: From these brackets we next determine the brack- 
ets among the R, V, and 5 generators alone. We find 



G 



G %„ = e Qb ( - S 3 (x - x')d' b '8 3 (x - x") 

+5 3 {x-x")d' b 8 3 (x~x')) , 

CS, c „=-5 3 (x-x')d' b '6 3 (x-x")6 a c 

+5 3 {x - x")d' c 5 3 (x - x')5i , 

C° , a „=S 3 (x-x")d'J 3 (x-x') 

-5 3 {x - x')d'^ 3 (x - x") , 

C), k „= -e ijk 6 3 (x - x')8 3 (x - x") , 

Ci, a ,,= ^ k (KiT bk t'd' b 5 3 {x - x')S 3 (x - x") 
-2D [a K k T b 5 3 (x-x')S 3 (x-x") 
Cl, b ,^- 3 K b S 3 (x-x')S 3 (x-x") , 



i ^t't"(d' a d b '(T'^T" bk 6 3 (x - x')S 3 (x - x")) 



°0'0" 



With the use of the structure functions derived above, 
we obtain the following generators, denoted by G[£], G[ff\, 
and G[C°]- These are, respectively, the gauge, spatial dif- 

feomorphisms, and perpendicular diffcomorphisms (plus 
associated gauge rotations in the last two cases): 



G[£] 
G[rf\ 



d 3 x (P a f] a + 3 R} ab P l T 1 a N b 

+2D [a K b k ] T i jNr ] a P i ) - NPr)% + N , a Pr, a 
+N a b P a rf> - N b T)%P a + r, a H a ) , 
d 3 x (PC° + N, b P a (° e ab + (°H 
-NPaC° b e afc - N a P£° a + N%P(° 
+ ((t(°),a{ t N),bT a3 T bk + {tC°), b KiT bk N a 
+2C° D [a Kj; ] f b N a ) e^P, 



These generators do indeed generate all of the cor- 
rect symmetry variations, including the variations of the 
gauge variables N and f2p displayed in ( p. 10 ), (3.13), and 



G[C°] = 



(3.15) 



VI. CONCLUSIONS 

We have constructed explicitly the full set of generators 
of projectable triad rotations, spatial diffeomorphisms, 
and perpendicular diffeomorphisms in vacuum General 
Relativity in a real triad formalism. The perpendicu- 
lar diffcomorphisms are not by themselves projectable 



(generated by functions which can be pulled back to the 
original configuration- velocity space). They must be ac- 
companied by triad rotations which themselves depend 
on metric, triad, and extrinsic curvature. The gener- 
ators act in a phase space which includes as variables 
the gauge functions N, N a , and fl l . The group algebra 
can be deduced from the action of the transformation 
group in configuration-velocity space. We did so in this 
paper, except for S^ ]}, simply because direct 

calculation of the Poisson bracket was more efficient in 
this case. The manifold on which this enlarged symmetry 
group acts must be interpreted to be the set of all solu- 
tion trajectories, and the group elements contain a com- 
pulsory dependence on these solutions. (The pullback 
from phase space to configuration- velocity space of vari- 
ations of arbitrary trajectories does not generally yield 
Noether symmetries. However, the pullbacks of config- 
uration variables alone do produce Noether symmetries. 
See (|] and [^l] for further details.) 

Our results for the symmetry variations and corre- 
sponding generators differ technically somewhat from the 
results in Einstein- Yang-Mills theories, found in J2|. In 
this paper a 3 + 1 decomposition of the Ricci rotation 
coefficients destroys the manifest covariance of these co- 
efficients. This lack of manifest covariance is to be con- 
trasted with the Yang-Mills case in which the connection 
is a four-dimensional one-form. The result is a commu- 
tator algebra which differs from the Einstein- Yang-Mills 
algebra. 

Our analysis was undertaken in part to compare and 
contrast these results with the symmetry properties of 
the real sector of Ashtekar's formulation of general rel- 
ativity pj-IT^]. In fact, many of the computations per- 
formed in this paper are considerably simplified by work- 
ing with the canonically transformed complex variables 
in Ashtekar's approach. It does turn out, of course, that 
the underlying dynamics in the Ashtekar theory, when 
restricted to real triads, does coincide with the real triad 
dynamics presented in this paper. Indeed, the symmetry 
variations in the complex Ashtekar formalism do preserve 
the reality of real triads, and they coincide with the sym- 
metries presented here. It does turn out, however, that 
the functional form of the gauge rotation required to ob- 
tain projectability of perpendicular diffcomorphisms plus 
gauge is altered. An additional complex triad rotation is 
required. These results will be presented in a forthcom- 
ing paper [^fj. The issue of projectability is intimately 
related to the problem of preservation of reality condi- 
tions under time evolution. 

The results we have obtained in this and preceding 
papers represent a significant conceptual and technical 
advancement. In the context of the Dirac-Bergmann con- 
straint formalism, the conventional wisdom is that first 
class phase space generators are to be interpreted as gen- 
erators of gauge transformations ||^2],^3]] . Yet this no- 
tion has been rejected historically due to the presence 
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of dynamical fields in the Poisson bracket algebra, lead- 
ing to what some call an open algebra; see, for example, 
p7[ . In these papers we require that Lagrangian Noether 
symmetry variations be projectable to variations in phase 
space. We find — amazingly — that the previously known 
Hamiltonian constraints generate these projected phase 
space gauge variations. The full four-dimensional diffco- 
morphism group is only implementable on shell, that is, 
on solutions of the equations of motion. We conclude that 
the gauge group present in configuration- velocity space is 
projectable to phase space. The original full Lagrangian 
symmetry is therefore retained in the Hamiltonian for- 
malism. 



ACKNOWLEDGMENTS 

JMP and DCS would like to thank the Center for Rel- 
ativity of The University of Texas at Austin for its hos- 
pitality. JMP acknowledges support by CICYT, AEN98- 
0431, and CIRIT, GC 1998SGR, and wishes to thank the 
Comissionat per a Universitats i Recerca de la Generali- 
tat de Catalunya for a grant. DCS acknowledges support 
by National Science Foundation Grant PHY94- 13063. 



[1] J. M. Pons, D. C. Salisbury, and L. C. Shepley, "Gauge 
transformations in the Lagrangian and Hamiltonian for- 
malisms of generally covariant sys tems," Phys. Rev. 
D55, 658-668 (1997) ^r-qc/9612037 
[2] J. M. Pons, D. C. Salisbury, and L. C. Shepley, 
"Gauge transformations in Einstein- Yang-Mills the- 
or ies" (submitted for publi cation and available at 



http:/ /xxx. lanl.gov/abs/gr-qc) 



[3] J. Heller and P. G. Bergmann, "A canonical field theory 

with spinors," Phys. Rev. 84, 665-670 (1051) 
[4] B. S. DeWitt, and C. M. DeWitt, "The quantum theory 
of interacting gravitational and spinor fields," Phys. Rev. 
87, 116-122 (1952) 
[5] P. A. M. Dirac, in "Recent Developments in General Rel- 
ativity," Pergamon, New York, 1962 
J. Schwinger, "Quantized Gravitational Field," Phys. 
Rev. 130, 1253-1258 (1963) 



[<: 

[8 

[9 
[10 

[11 

[12 
[13 
[14 



[6 



[15 

[ie; 
[17; 

[is; 

[19 

[20 

[21 

[22 
[23 



J. E. Nelson and C. Teitelboim, "Hamiltonian formula- 
tion of the theory of interacting gravitational and elec- 
tron fields," Ann. Phys. 116, 86-104 (1978) 
M. Henneaux, "Poisson brackets of the constraints in the 
Hamiltonian formulation of tetrad gravity," Phys. Rev. 
D 27, 986-989 (1983) 

J. M. Charap and J. E. Nelson, "The canonical Hamil- 
tonian for vierbein general relativity," Class. Quantum 
Grav. 3, 1061-1067 (1986) 

J. M. Charap, M. Henneaux, and J. E. Nelson, "Explicit 
form of the constraint algebra in tetrad gravity," Class. 
Quantum Grav. 5, 1405-1414 (1988) 
M. Henneaux, J. E. Nelson, and C. Schomblond, "Deriva- 
tion of Ashtekar variables from tetrad gravity," Phys. 
Rev. D 39, 434-437 (1989) 

J. W. Maluf, "The constraint algebra of tetrad gravity 
re-examined," Class. Quantum Grav. 8, 287-295 (1991) 
L. Lusanna and S. Russo, "Tetrad Gravity: I) A new 



formulation," |gr-qc/9807073 

M. A. Clayton "Canonical general relativity: the dif- 
feomorphism constraints and spatial frame transfor- 



mations," J . Math. Phys. 39, 3805-3816 (1998) ^r- 
qc/9707039| 

A. Ashtekar, "New variables for classical and quantum 

gravity," Phys. Rev. Lett. 57 2244 (1986) 

A. Ashtekar, "New Hamiltonian formulation of general 

relativity," Phys. Rev. D36 1587-1602 (1987) 

A. Ashtekar, 

Lectures on Non-Perturbative Canonical Gravity Notes 
prepared in collaboration with R. S. Tate, World Scien- 
tific, Singapore, 1991, and references therein 
J. N. Goldberg, "Triad approach to the Hamiltonian of 
general relativity," Phys. Rev. D 37, 2116-2120 (1988) 
J. L. Friedman and I. Jack, "Formal commutators of the 
gravitational constraints are not well defined: A transla- 
tion of Ashtekar's ordering to the Schrodinger represen- 
tation," Phys. Rev. D 37, 3495-3504 (1988) 
J. M. Pons, D. C. Salisbury, and L. C. Shepley, "The 
gauge group and the reality conditions in Ashtekar's for- 
mulation of gene ral relativity" (submitted for p ublication 
and available at http:/ /xxx. lanl.gov/abs/gr-qc ) 
X. Gracia and J. M. Pons, "Canonical Noether symme- 
tries and commutativity properties for gauge systems" 
(submitted for publication) 

P. A. M. Dirac, "Generalized Hamiltonian dynamics," 
Can. J. Math. 2 129-48 

P. A. M. Dirac, Lectures on Quantum Mechanics, Yeshiva 
Univ. Press, New York, 1964 



8 



